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Numerical methods

v Numerical derivatives
» First derivative O(h?), O(h*)

» Second derivative O(h?),
O(h*)

» Derivative by interpolation

v/ System of linear equations
» Gauss elimination
» LU decomposition

» Gauss-Seidel method

v’ Interpolation

, _ v Numerical integration
» Lagrange interpolation

» Newton-Cotes: trapezoidal

» Newton method ,
and Simpson rules

» Neville method :
» (Gaussian quadrature

» Cubic spline

v/ Monte-Carlo methods
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Data interpolation

v’ Having a set of discrete data points (x;, y;), data
interpolation is the way of getting a continuous
description passing through the data points
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Lagrange interpolation
v/ Lagrange interpolation relies on the fact that in a finite interval a function
f(x) can allways be represented by a polynomial P(x)

v Linear interpolation: polynomial of degree one passing through
data points (xq,y1) and (x,y2)

P(x) = Py + P1x

System to be solved:

yi= Po+Pix; - I x Po | |I'»n
y2= Po+Pix I x Py »

P 2% X=X X — X]
P(x) = Po+Pix =y ———+y2——
Py =y, — P1x; X1 — X2 X2 — X1
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Lagrange interpolation (cont.)

v second-degree polynomial interpolation: polynomial of degree
two passing through data points (x1,y1), (X2,y2) and (x3, y3)

P(x) = Py + Pix + Pyx*

System to be solved:

Y1 = Py + Pyx1 + sz% 1 x x% Py Vi
vy = Po+ Pix; + szg = 1 x x% P 1= »
y3 = Py + Pix3 + szg I x3 x% P, V3
P(x) = y (x — x2)(x — x3) (x — x1)(x — x3) (x — x1)(x — x2)

Yo —x) (g — x3) (e — x1)( — x3) (a3 — x1)(x3 — X2)
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Lagrange interpolation (cont.)

v n polynomial interpolation: polynomial of degree n passing
through (n + 1) data pOIntS (X()a y0)5 (Xla yl)! Tty (Xn, yn)

algorithm
P(x) = PO + Plx + P2x2 + o+ ann // n = polynomial degree

// n+l = nb of data points

// x,y = abcissa and values

P,(x) = Z?:O yi ti(x) double x[n+l1], y[n+1];
= yO 50()6) + y] 51 (.X) + // loop on data points (0...n)
ot Yy Ga(X) for (int i=0; i<n+l; i++) {

// we need a second loop for

X — Xj . // the product
G = | (i=0,1,2,,n)
j=0xi_xj for (...) {
J#I
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Interpolation: C++ class scheme

—————————————————————— class DataPoints {
/ A\ / A\ public:

/ R
/ virtual double Interpolate (double x);
/ virtual void Draw();

/ virtual void Print ();

/ protected:

/ int N; //nb data points

/ double »x, xy; //x and y values

/ };

/

/

/

/

7777777777777777777777777777 class LagrangelInterpol : public DataPoints {

public:

double Interpolate (double x);
void Draw();

(other interpolation void Print();

classes) private:
? //specific data to class

};
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Newton method

v/ The Newton method provides a better computational procedure to get an interpolating
polynomial of degree n passing through (n + 1) data points

Xi = X0, X1, s Xn

yi = Yo, Y1, " s ¥Yn

ai

ap,aj, -+ ,dn

P(x) = ag + a;(x — x0) + ax(x — x0)(x — x1) + -+ + ap(x — x0)(x — x1) =+ - (X — X5-1)

v’ This polynomial can be written in an efficient computational way:

P(x) =ap + (x—x0) [a1 + (x—x1) [az + (x = x2) [+ [an-1 + (x — Xp—1)ay] ...]

v’ The coefficients are determined by imposing the polynomial to pass through the data
points:
(x0,¥0) © Yo = ao
(x1,y1)© y1 =ap +a; (x1 — xo)
(x2,y2) : y2 =ap +ay (x2 — x0) + az (x2 — x0)(x2 — x1)

(x3,¥3) 1 y3=ap+a (x3 —xp)+ax (x3 —x0)(x3 —x1) +az (x3 —x0)(x3 — x1)(x3 — x2)

(xnayn): Yn =ao t+ai (xn _'xO)'+ et ay (Xh +'xO)(xn _'xl)"'(xn _'xn—l)
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Newton method

v Coefficients: Divided diferences:
a = Yo _—
. — ! ; —
- UM _y Vyi = w5 (i=1,2,.,n)
AT N T 7 Vyi=Vy .
4 = 1 (yz—yo N yl—yo) Ve = S (i=2,3,.,n)
X2 —X1 X2 —X( X1—X0 3 . _ szi—szz .
= Y-V V2y2 Voy; =R (i=3,4,.,n)
Xy =X
as = V3y3 .
_ 4 @ _ o oyrly vty
4 a v 4 v In - Xn—=Xp—-1
ap, = V',

Oth 1st 2nd 3rd 4th

X0 Yo

X Y1 Vyi

x|y | V2 | VP

x|l vz | Vys | V2 | Vs

x4 || ya | Vya | Vi | Viyy | Vi

The diagonal terms of the table are the
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ewton method: interpolating polynomial

v Suppose four data points = n = 3 polynomial degree
(X0, y0) - - - (X3, y3)

v The polynomial

P3(x) = ap+ (x—xp)a; + (x—xp)(x—x1)az +(x—x0)(x —x1)(x— x2)a3
= ap+(x—xp)lar +(x—xp)[ax + (x — x2)az]]
Recurrence relations to evaluate Computing the interpolated value at x
polynomial: with thg polynomial computed in a
recursive way.

Po(x) = a3 Po(x) = ay
Pi(x) =ap + (x — x)Po(x) P1(x) = an-1 + (x = xp-1)Po(x)
Py(x) = aj + (x — x1)P1(x) éz(x) = an-2 + (X — xp—2)P1(x)

P3(x) = ag + (x — x0)P2(x)

Pr(x) = ap_j + (x = X4 i) Pr—1(x) (k=
1,2,....n)

Pr(x) = apy + (x = Xp-)Pr-1(x)  (k=1,2,...n)
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Newton method: algorithm

Coefficients: Polynomial:

// degree n polynomial // degree n polynomial

// n+1 data points // n+l1 data points

// //

// For computing the coefficients // For computing the polynomial at a point x

// we can use a one-dimensional // we use the recurrence existing

// array a[n+1] // after factorizing the polynomial

// //

// X[n+1] array, contains x data values // We assume having already the
// coefficients

1) make array al[n+1]; // computed in the array a[n+1]

//

2) copy contents of Y[] data to array al[] // X[n+1] array, contains x data values
//

3) compute divided differences and
store them in the one dimensional 1) init the last polynomial P
array all]

P =alnj;

loop on k=1; k<n+l; k++

2) loop on k=1; k<n+1l; k++

loop on i=k; i<n+1l; i++

P = aln-k] + (x — X[n—-k])#P

ali] = (a[i] - alk-1]) /

(X[1] - X[k-1])
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Neville method

v’ The Neville algorithm is still better by computing standards for finding the » degree
polynomial because does not require a computation in two steps

v It uses linear interpolations between successive iterations: one point needed at 0 order,
two points at 1sz order, three points at 2nd order, ..., n + 1 points at nth order

Oth order: Polxol = yo, - -+ Pulxn]l = yn
1st order (linear):  Pi[xg,x1] = Co+ C1x = y‘(x_x)?]):ig(x_xl) = (=x0) Plx;f:;’(‘)_x” Plxo]
2nd order: Palxo, x1, xp] = &=2) Plx‘)’x;g:%_"") Plx .1y
3rd order: P3[x0, x1, X2, x3] = &) Plon ’x)fé:%_m) PLxy xp.%]
x values | Oth order 1st order 2nd order 3rd order ...order
X0 Po(x0) = yo
X1 Po(x1) =y1 | Pilxo,x1]
X2 Po(x2) =y2 | Pilxi, x2] P [x0, x1, x2]
x3 Po(x3) =y3 | Pilxz, x3] Palxy, x2, x3] P3[xo, x1, X2, x3]
X4 Po(xa) = ya | P1lx3, x4] Palx2, x3, x4] P3[x1, x2, x3, x4]
Xn Po(xn) =y | Pilxn-1, 0] | PalXn—2,Xn-1,%n] | P3[Xny, Xn—25Xn-1, Xn]
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Neville method: algorithm?

1) We can work with only one array (1-dim) y/[]

containing the 0Oth order polynomials

2) loop on the order of the polynomials:

i=0, 1i<n+1

3) loop on every column to compute the different

polynomials

v/[] array will be rewritten with new values

4) the interpolant calculated at the coordinate x,

corresponds to the last value
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interpolation example

3 cos(3x)
0.4+ (x—2)2 25

J )

0.5 1 15 2 2.5 3

_10_.
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DataPoints base class

#ifndef __ _DataPoints___

#define _ DataPoints

#include "cFCgraphics.h"

class DataPoints {
public:
DataPoints () ;
DataPoints (int, doublex*, doublex*);

virtual ~DataPoints();

virtual double Interpolate (double x) {return 0.;}
virtual void Draw();
protected:
int N; // number of data points
double #*x, *y; // arrays
cFCgraphics G;
};
#endif
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DataPoints class code

Fernando Barao (241)

#include "DataPoints.h"
#include "TGraph.h"

DataPoints::DataPoints () {

N = 0;
x = NULL;
y = NULL;

DataPoints: :DataPoints (int fN, doublex fx, doublex fy) : N(fN)
x = new double[N];
y = new double[N];
for (int 1i=0; 1i<N; 1i++) |
x[i1] = fx[i];

yii] = fyl[il;

DataPoints: :~DataPoints () {
delete [] x;
delete [] y;

{
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DataPoints class code (cont.)

void DataPoints::Draw() {
TGraph *g = new ITGraph(N,x,vy);
g->SetMarkerStyle (20);
g->SetMarkerColor (kRed) ;
g->SetMarkerSize (2.5);
TPad #padl = G.CreatePad("padl");
G.AddObject (g, "padl", "AP") ;
G.AddOb ject (padl) ;
G.Draw () ;
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Neville interpolator class

Fernando Barao

#ifndef __NevilleInterpolator
#define __ _NevilleInterpolator_

#include "DataPoints.h"
class NevillelInterpolator : public DataPoints {

public:
NevilleInterpolator (int N=0, double #x=NULL, double xy=NULL);
~NevilleInterpolator() {;}

double Interpolate (double x);
void Draw () ;

void SetFunction (TF1+ f) {FO0=f;} // underlying function

private:
double fInterpolator (double x*fx, double xpar) {
return Interpolate (fx[0]);
}
TF1+ FInterpolator;
TF1% FO0; // underlying function from where points
// were extracted
};
#endif

(243)
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Neville interpolator class

NevilleInterpolator::NevilleInterpolator (int fN, double +fx, double xfy) : DataPoints(fN, fx, fy) {
FInterpolator = new TFI1 ("FInterpolator", this, &NevilleInterpolator::fInterpolator,
-0.1 ,3.1, 0, "NevilleInterpolator", "fInterpolator");
DataPoints: :Print ();
FO=NULL;
} Suppose 3 points (N = 3)

double NevillelInterpolator::Interpolate (double xval) { k
// Neville algorithm .
1 (xo —x1)™" [(x = x1)yo — (x = x0)y1]

i

0
doublex yp = new double[N]; 1 (xq —xz)_l [(x—xz)yl —(X—Xl)yz]
for (int 1i=0; 1i<N; 1i++) { 2 0

— ) ! — —(x—
ypli] = y[i]; // auxiliar vector (xo = x2)™" [(x = x2)y0 = (x = xo)y1]

J
the interpolated value at x is the last com-

for (int k=1; k<N; k++) { // use extreme x-values puted value and is stored on y[O]
for (int i=0; 1i<N-k; 1i++) {
ypli] = (

(xval-x[1i+k])*yp[i] -
(xval-x[1])*yp[i+1]) / (x[i]-x[i+k]);
}
}
double A = yp[0];
delete [] yp;

return A;
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Limitations of polynomial interpolation

v’ The need of knowing with a better precision an interpolation
carries the solution of adding more and more points to our
interpolation

1= g polynomial interpolation passing through a large number
of points (degree higher than ~ 5,6) can give a wrong
interpolation in some segments due to wild oscillations

= if the number of points (knots) is large, an eventual linear
interpolation by segments is enough!

iz otherwise a degree 3 to 6 polynomial interpolation by
segment

v’ polynomial extrapolation (interpolating outside the range of data
points) is dangerous!
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Cubic spline method

v’ The interpolation can be ~;»egme)nt
X

performed in a given segment A _O,L
[x;, x;+1] USing a cubic
polynomial (4 parameters
to find)

v’ Apart from the two points data
associated to the segment we
ask for continuity of the 1st
and 2nd derivatives at the
knot x;,1, i.e., the intersection XX
of two segments

]
]
]
]
]
]
]
]
]
]
]
]
:
x. Xi X471 X,
i-1

v The spline will be a piecewise
cubic curve, put together
from the n cubic polynomials:

Jo1(x), fi2(x), -+, fue1.0(X)

= nNo bending at the end
points (xo and x,) = 2nd
derivative=0
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Cubic spline method (cont.)

v/ Suppose we have N = n + 1 = 6 data knots with abcissas

X0, X1, X2, X3, X4, X5 (i=0,“' ’n)
v The number of intervals willbe N -1 =n=175

v On every interval [x;, x;,1] there will be an interpolating function f.,
cubic polynomial
fri () = a; + bi(x —x) + ci(x —x)* +di(x —x)° (i=0,---,n—1)

defined by a

>Xi+1

v’ The set of four parameters (a;, b;, ¢;, d;) for the interpolating cubic spline
fix) (j=0,---,n—1) will be derived from the following conditions:

[x0, x1] [x1, x2]
fo = ag+bo(x = xo) + colx — x0)? + bo(x - x0)? [0 = ap+bir-x) +epx—x)? +by(x - xp)?
foxo) = o Ak = n
foxp) =y i) = »
foo) =y numerically HG = fi)
o) = 0 ey = e
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Cubic spline method (cont.)

v’ the continuity of the 2nd derivative of the spline at knot i gives:
Sl ==K (=1, ,n-1)
the 2nd derivative at the extremes:
f(x0) = Ko = f"(x) = Kn = 0

v’ the second derivative expression for any segment [x;, x;;1], is a linear
polynomial

Using the Lagrange polynomial linear interpolator,
fia 0 = () li(x) + 7 (xi1) i (x)

whith the cardinal functions given by:
fi(x) = 2L

Xi—Xi+1
liv1(x) = %
Ki(x = xiy1) — Kisv1(x — x3)
fiin () =

Xi — Xi+1
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Cubic spline method (cont.)

v’ Integrating now twice:

1 [k X )
fl{i"'l(x) = N [T(X B xi+1)2 N T+l(x - X;) ] +A

1 Ki K,’
fun() = =[G = x)? - B2 0- )|+ Ax+ B

And redefining the constants A and B we can write the cubic spline for the
segment:

1 Ki+1 (

fi,i+l(x) = Xi— 11 L6 6

— x|+ A(x = x;41) + B(x — x;)
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Cubic spline method (cont.)

v The extreme values of the function on the segment provide A and B:

Siiv1(xi) = yi = L% x|+ AGG - xi1) =
i i+1 6

A= 2 = = Xi)

U

1 K; 3
fiir1(Xiv1) = yir1 = —— =2 (Xip1 — Xi)” |+ B(Xiz1 — Xi) = yis
Xi—Xi+1 6
i Ki
= B= = S (X = Xi)

Ki [ =xi1)’
Jiiv1(x) = 3 [M

e — (= X)(xG - Xi+1)]
; —v.)3 (X—x 1 )=V S
_% I:_SIC_;’*)—I _ (x _ xl)(-xl _ xl+1)] + Vilx=Xis1)=yis1(x—=X;)

Xi—Xi+1
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Cubic spline method (cont.)

v The 1st derivative for the segment [x;, x;,1] is given by:

f/ (x) = Ki [ G=xii)?  xi—xi | Kot [ =X xi—Xia
i,i+1 - 2 | xi—Xin 3 2

Xi—Xiy1 3 ]

Yi—Yi+1
+
Xi—Xit1

v The second derivatives values (K;) of the spline in the interior knots, are
obtained from the first derivative condition:

i) =finG) (=12, ,n-1)

Ki1(xio1—x)+2Ki(xi—1 = Xi41) + Kiv 1 (Xj—Xi31) = 6 Yol T )i T i )

Xi-1 —Xi  Xi — Xij+1

e Rlinear matrix to'solvel)
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Cubic spline method (cont.)

The set of equations to solve:

2K (x0 — x2) + Ka(x1 — x2)
Ki(x1 —x2) + 2K5(x1 — x3) + K3(x2 — x3)
K> (x2 — x3) + 2K3(x — x4) + K4(x3 — x4)

K3(x3 — x4) + 2K4(x3 — x5) + Ks5(x4 — x5)

(i=1)
(i=2)
(i=3)
(i=4)
i=n-1)

which corrresponds to a tri-diagonal matrix:

2(x0 —x2) (X1 —x2) 0

(x1 —x2)  2(x1 —x3)  (x2— x3)
0 (X2 —x3)  2(x2 — x4)
0 0 (x3 — x4)
0 0 0

0
0
(X3 — x4)

2(x3 —x5)  (xg4 — xs)

-
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classes scheme

|

DataPoints

1
|

LagrangeInterpolator ]

A

|

[NevilleInterpolator ]

class DataPoints {

public:

[SplineBInterpolator ]

DataPoints();

DataPoints (int, doublex*, doublex*);
~DataPoints () ;

virtual double Interpolate (double x) {return 0.;}

virtual

virtual void Draw();
protected:
int N; // number of data points
double #*x, #*y; // arrays
cFCgraphics G;

b

class Spline3Interpolator

public:

private:

: public DataPoints {

Spline3Interpolator (int N=0, double #*x=NULL, double *y=NULIL)
double Interpolate (double x);
TF1% GetFInterpolator () {return FInterpolator;}

void SetCurvatureLines();

double fInterpolator (double xfx, double xpar) {
return Interpolate (fx[0]);

}
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b

double* K; //2nd derivatives
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Cubic spline: class algorithm

Spline3Interpolator::Spline3Interpolator (int fN, double x*fx, double xfy) : DataPoints(fN,fx,fy) {
DataPoints::Print();
FO=NULL;
FInterpolator = new TF1("FInterpolator", this, &Spline3Interpolator::fInterpolator,
x[0]-0.1 ,x[N-1]+0.1, 0)
K = new double[N];
SetCurvatureLines (); //define segment interpolators

Spline3Interpolator::SetCurvatureLines () |

define tri-diagonal matrix and array of constants

solve system and get the 2nd derivative coefficients

store coeffs on internal array K

double Spline3Interpolator::Interpolate (double fx) |

// detect in wich segment 1is x
for (int 1i=0; 1i<N; 1i++) |
if ((fx-x[1])<0.) break;
} //upper bound returned
if (i==0 || i==N-1) // out of range

return 0.;

//retrieve segment interpolator and return function value

}
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Cubic spline: Problem

Utilizar o método do "cubic spline"para Graph
determinar o valor de y(1.5), dados os -
seguintes valores: s
= ° °
x||l1 2 3 4 5 os
y 0 1 0 1 0 o; ) ° °
'15 “=HH115“Héu"215“"é‘“‘315‘H‘Jt‘“:tls““h“
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